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Mandelbrot polynomials are defined by po(¢) = 0 and for
k > 0 by

N pre+1(¢) = ¢ (pr(€))° + 1.

PROPERTIES OF p;(()

e The degree of pi(¢) for k > 0is 281 — 1.

e The roots of pi(() are periodic points of the Mandel-
brot set with period k.

e The coefficients of pi(¢) when expressed in the mono-
mial basis 1, ¢, (?, and so on, are nonnegative integers.

e Derivatives are can be computed from the recurrence
relation by pp(¢) = 0 and for all £ > 0 by

Pr41(C) = pr(C) (pr(C) + 2¢p(C)) -

e p;(¢) and p) (¢) can be simultaneously evaluated via
their recurrence relations at a cost of O(k — 1) opera-

It was shown in [1| that

Pk (—2 4 292 - 4k) =

1
— cos 6 + <—§93 sin Ok + 02b(9)> 47F £ 0(4™2F)

where
1 3 1 127
— b e ——
b(9) 2 i 8 18 i 43200 -
satisfies
1 1 1 3 1
b(6) = 4 cos 59 - b <§9> + gﬁsinﬁ + 5 cos? 59 .

This approximately locates several zeros of px((), near
0 = (204 1)1/2, so long as (20 + 1)w/2 < O(2k/4).
Explicitly the zeros are near

\_ tions.

MONOMIAL BASIS COEFFICIENTS A

2 + 1)\ 2
Zk,€:—2—|—g(( €—|2— )7T> 4_k—|—0(4_2k)

The Mandelbrot polynomials can also be generated as
the characteristic polynomials of a family of recur-
sively constructed upper Hessenberg matrices, M, de-
fined as follows: let rp = [ 0 O 1 } and ¢, =

[ 1 0 0 ]T be row and column vectors of length
28=1 — 1. Put
M, =| -1 |
and i i
My, —Ck Ik
Mk—l—l — —I'L 0
- _Ck Mk -

for all £ > 1. It can be shown by repeatedly applying
Laplace expansion on the 2*71th column of (¢I — M)
and the resulting submatrices that

det (CI — M) = pr(C) -

Thus the eigenvalues of M, are exactly the zeros of px(()

\_

\that we wish to compute.

Theorem 1. The coefficients of pi(() expanded in the
monomial basis contain both 1 and a number larger than

22k_3, for k> 3. That is, the coefficients of pr({) in the
monomial basis grow doubly exponentially fast with k.

Thus the condition number for evaluation of pg(¢) in the
monomial basis

A= |

> allg’]

1=0

Br(C) =

where the c;s are the monomial basis coefficients, must
also grow doubly exponentially fast with k. This shows

INTERLACING A

LU DECOMPOSITION A

\the ill-conditioning of the monomial basis in this case.

RESULTS A

The aim of this work was to compute the roots of the
polynomials pg(C), with the ultimate goal of computing
all 220 —1 = 1,048, 575 roots of pa1 (¢) shown in Figure 1.
Parallel eigenvalue computations were run on SHARCNET
taking approximately 31 serial computing years.

Figure 1: Roots of pa1(C)

The largest roots have a curious interlacing property: be-
tween every root of px(() there are two roots of px11((),
as can be seen in Figure 2.
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Figure 2: Plot of pqg (—24—%92-4_9) in black and

\pg (—2 — %92 -4_9) in blue

MANDELBROT MAP ITERATIONS A

Figure 3: Iterating the Mandelbrot map z — 22 4c start-
ing from the critical point z = 0 with the parameter c

\being the roots £21 ; of p21(()

Here we develop the LU decomposition of the resolvent
matrix (oI — My). Firstly let:

el

then factor the permuted matrix
LkUk — Pk(O'I — Mk)

where Uy is unit-upper triangular and L; is lower tri-
angular. U, can be defined as follows: let rp =

(0 0 1 Jand & =[1 0 0 ]" be row

and column vectors of length 28=1, and U, € o2t x2i !

by

. U, af?éf + C;T; "
Ui_|_1 — . , U1 — 1 .
U;
The LU factors are then
U, aflTéQT
U, = Usj
T
Orp_oCr_q
- _
L, = I
ST /S

where the £;’s are blocked conformally with the U,’s.
The £,’s are defined as follows: let £ = o + 1 and for
2<1< k-1

Ezsz — (f‘z — Ei_laf?_lé?) 5

The cost of one linear solve using this LU decomposition
is 522 — k — 2 operations. The roots & 1, 1 <
j < 2872 — 1 of pr_1(¢) are close to the roots of pg(¢),
and thus we can use these as shifts o for a Krylov based

\&igenvalue solver.

Consider the nonstandard homotopy

Hi(¢e) = ¢ (pr-1(0))° +€2.

The zeros of Hy((,0) are: ¢ = 0 and two roots at each
of the zeros &,_1 of pr_1(¢). The zeros of Hy((,1) are
exactly the zeros of pi(().

Provided that p,.(() # 0, we obtain the following dif-
terential equation describing a path from the roots of

((pr—1(¢))? to those of p():

¢ 2¢
P (1)

At € = 0 we have p; ({x—1) = 0. However, the path near
&1 1s described by

—1

B 2
\- e \/g’“l(pﬁcl(&cﬂ)f +0(e7).

SINGULARITIES IN THE PATH A

When we integrate (1) along the real axis, some of the
paths encounter singularities. This occurs (mostly) when
the real roots of Hy((,e) coalesce, and spawn a pair of
complex roots as ¢ is varied from O to 1.

Thus, to ensure that we do not encounter these singular-
ities, we integrate the differential equation (1) along an

\ a1¢ in the complex e-plane.

HoMOTOPY PATH A
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Figure 4: Homotopy paths. Initial roots are specified by
blue circles, final roots by red squares, and the homotopy

\path in black. The grey line is the contour |px({)| = 1.
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